ABSTRACT. I show that on any smooth, projective ordinary curve of genus at least two and a projective embedding, there is a natural example of a stable Ulrich bundle for this embedding: namely the sheaf B 1 X of locally exact differentials twisted by O X (1) given by this embedding and in particular there exist ordinary varieties of any dimension which carry Ulrich bundles. In higher dimensions, assuming X is Frobenius split variety I show that B 1 X is an ACM bundle and if X is also a CalabiYau variety and p > 2 then B 1 X is not a direct sum of line bundles. In particular I show that B 1 X is an ACM bundle on any ordinary Calabi-Yau variety.
INTRODUCTION
Let X be a smooth projective variety over an algebraically closed field k equipped with a projective embedding X ֒→ P n and O X (1) the very ample line bundle on X provided by this embedding. Let E be a vector bundle on X. Then E is an Ulrich bundle if H i (X, E(−i)) = 0 for i > 0 and H j (X, E(−j − 1)) = 0 for j < dim(X) (see [3, Proposition 2.1(b)]). It has been conjectured that Ulrich bundles exists on every projective variety. This is known in very small number of cases (see ( [1] ) for an excellent survey of this topic). In general the problem of constructing Ulrich bundles is difficult and many constructions are specific to the sort of variety under consideration and often provide Ulrich bundles small rank. Now suppose k has characteristic p > 0. The purpose of this note is to record the following elementary remark which provides a natural example of a stable Ulrich bundle of large rank on ordinary curves. A smooth projective curve X over an algebraically closed field is ordinary if and only if Frobenius map
X is a locally free subsheaf B 1 X ⊂ F * (Ω 1 X ) and one has the fundamental exact sequence
X is locally free of rank p − 1 and degree (p − 1)(g − 1). My remark is this: if X is an ordinary curve of any genus then E = B 1 X (1) is a stable Ulrich bundle of rank p − 1 for any smooth, projective embedding X ֒→ P n and O X (1) the very ample line bundle provided by this embedding. This also provides examples of ordinary varieties of any dimension equipped with Ulrich bundles (see Theorem 2.1) and in Theorem 2.3 I provide many more examples of Ulrich bundles on curves in characteristic p. The bundles B 1 X plays an important role in the algebraic geometry of smooth, projective curves: for instance it plays a central role in the work of Michel Raynaud (see [10] ) and Akio Tamagawa on the fundamental groups of smooth projective curves, notably in Tamagawa's proof of Raynaud's conjecture (see [14] X is an ACM bundle which is not a direct sum of line bundles. Finally let me remark that if X is a smooth, projective Calabi-Yau variety in characteristic p > 0 and X satisfies Kodaira vanishing then F * (O X ) is always an ACM bundle on X for any projective embedding of X.
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MAIN THEOREM
For the rest of the paper let k be an algebraically closed field of characteristic p > 0. For kschemes X 1 (resp. X 2 ) and sheaves E (resp. F ) on X 1 (resp. X 2 ) let E ⊠ F be the tensor product q * 1 (E) ⊗ q * 2 (F ) where q 1 (resp. q 2 ) is the projection from X 1 × X 2 to the factor X 1 (resp. factor X 2 ). 
is an Ulrich bundle on Y = X 1 × X 2 × · · · × X m with respect to the Segre embedding given by
Proof. Let me first prove this for m = 1. So I have to prove that if X is a smooth, projective and ordinary curve embedded in projective space X ֒→ P n and O X (1) is the very ample line bundle given by this embedding then E = B 1 X (1) an Ulrich bundle. To prove this it suffices to observe that
is an Ulrich bundle on X for any smooth, projective embedding X ֒→ P n . Now I prove the general claim by induction on m. Clearly the result is true for m = 1. Suppose the assertion is true for some
. This proves the theorem. Proof. The rank and degree calculations are well-known and stability (ordinarity is not needed for this) is due to ([5] ). If X is not ordinary one simply appeals to a theorem of ( [9] ) which says that there exists a dense open subset in Pic (X) consisting of line bundles L of degree zero such that
is a stable Ulrich bundle on X.
The following result provides many more examples of Ulrich bundles on any smooth, projective curve. X is an ACM bundle on X. Before giving the proof of Theorem 2.4, let me record the following simple observation which may be of independent interest. Proposition 2.5. Let X ֒→ P n be a smooth, projective variety equipped with O X (1) given by this embedding. If E is an ACM bundle on X, then so is F * (E).
Proof. Suppose E is an ACM bundle for X ֒→ P n . Then H i (X, E(n)) = 0 for 0 < i < dim(X) and all n ∈ Z. In particular H i (X, E(pm)) = 0 for 0 < i < dim(X) and all m ∈ Z. Then using the fact that Frobenius is a finite morphism and the projection formula F * (E(pm)) = F * (E)(m) one sees that H i (X, E(pm)) = H i (X, F * (E)(m)) = 0 for 0 < i < dim(X) and all m ∈ Z. This proves the assertion. Proof. This follows from the previous proposition. As X is Calabi-Yau H i (X, O X ) = 0 for 1 ≤ i < dim(X) and as X satisfies Kodaira-vanishing for O X (1) one sees that H i (X, O X (n)) = 0 for all integers n > 0 and i > 0 and H j (X, O X (m)) = 0 for j < dim(X) and all integers m < 0; hence H i (X, O X (n)) = 0 for all n ∈ Z and 1 ≤ i < dim(X). In other words O X is an ACM bundle on X and so by Proposition 2.5 one sees that F * (O X ) is also an ACM bundle on X.
Proof of Theorem 2.4.
By the well-known result of ( [8] ) one sees that the X satisfies Kodaira vanishing for all ample line bundles. As X is Calabi-Yau one sees by Proposition 2.5 and Theorem 2.6 that F * (O X ) is an ACM bundle on X. Since X is Frobenius split so
and hence sees that B 1 X (n) is a direct summand of F * (O X )(n) for all n ∈ Z. Thus to prove the assertion it suffices to note that any direct summand of any ACM bundle is also an ACM bundle (which is obvious). So B 1 X is an ACM bundle on X.
Let me point out that the class of Frobenius split Calabi-Yau varieties also includes the class of Calabi-Yau varieties which are ordinary in the sense of ( [4] Proof. To prove this it suffices to note that by ([6, Proposition 3.1(b)]) any Calabi-Yau variety which is also ordinary in the sense of ( [4] ) is Frobenius split. So the result is immediate from Theorem 2.4.
For an ordinary abelian variety B 1 X is a direct sum of line bundles (see [13] ) on the other hand my next result shows that if X is Calabi-Yau and p > 2 then B 1 X is an ACM bundle which is not a direct sum of line bundles. (1) What assumptions on X ֒→ P n are sufficient to ensure B 1 X is an ACM bundle? (2) What conditions on X are sufficient to ensure that F * (O X ) is an ACM bundle?
If dim(X) ≥ 2 then any Ulrich bundle is an ACM bundle and also satisfies a strong restriction on its Hilbert polynomial (see [2] ). It appears that this Hilbert polynomial condition is the one which fails to hold for B 1 X (and its twists) because this Hilbert polynomial condition is rather restrictive. For example this already is the case for smooth quartic surfaces in P 3 (this is an easy calculation using ([2]) ). On the other hand one sees from preceding results that there are interesting classes of smooth, projective variety for which (1) and (2) have an affirmative answer. But I do not believe that the list of such varieties which I provide here is exhaustive.
